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Abstract 

In this paper we use the Kazhdan grading on the symmetric algebra S(g) of a semi-simple Lie 
algebra q to introduce the Kazhdan grading into Kontsevich's deformation quantization of 
the linear Poisson manifold q* . Choosing a nilpotent element egg, we provide an alternative 
model of the W— algebra associated to the pair (g, e). It is the 0— th cohomology of a flat 
Aqo— algebra, called the Cattaneo-Felder reduction algebra, appearing in the coisotropic 
submanifold case. 



1 Introduction 



1.1 In |18j Kontsevich solved the deformation quantization problem of Poisson manifolds, proving 
his Formality Theorem for the L^— algebras T po iy(J&- k ) of polyvector fields and T> po i y (M. k ) of poly- 
differential operators of bounded order on The theorem states the map IA : T po iy{^ k ) — > 



V po [ y (lR. k ) defined by its Taylor coefficients 

m>o \reQ„,^ 

is an Lqo— morphism and a quasi-isomorphism. Properties of this map prove that there is 
a bijection between the gauge equivalence classes of *— products on C°°(M. k ) and the gauge 
equivalence classes of Poisson structures 7r on M fc . Kontsevich also provided an explicit formula of 
the *— product, denoted by *k, associated to a Poisson structure. The result states that choosing 
a Poisson structure vr on R k , the operator * K : C°°(M. k )[[e}} xC°°(lR fc )[[e]] — V C°°(lR fc )[[e]] defined 
for f,ge C°°{R k ) by the formula 

/*KS:=/2 + f> n E ^BUf,g)\ , (2) 

n=i \ n 'reQ„,2 / 

is an associative product. The formula comes from ([1]) and the ingredients are smaller cases of 
the ones therein: e is a deformation parameter, Q n ,2 is a family of graphs, uj-p is real coefficient 
associated to each T £ Q n ,2 computed as the integral of a differential form on a compactified 
concentration manifold C C (T-L + ) n x M. 2 , Tl + being the upper hyperbolic half-plane. -Bf is a 
linear bidifferential operator on C°°(IR fc ) x C°°(]R fc ). Details can be found in [IS], [I], [9], [13]. 
This product was later globalised on a Poisson manifold X in |12j . 
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Cattaneo and Felder considered the case of coisotropic submanifolds C C X in |10] and gener- 
alized the results of |18| in The Relative Formality Theorem proves an L^— isomorphism 
from T{X,C) := lim^T{X)/I(C) n T(X) (T(X) being the DGLA of multivector fields on X 
as defined by Kontsevich), the DGLA of multivector fields in an infinitesimal neighbourhood 
of C to f)(A) = ®nf> n (A) where V n (A) := Y\ P+q -i=n Hom p (<g><U, A), and A = T(C, AT X ), the 
sections of this exterior algebra bundle. They associate a curved algebra, which in the linear 
Poisson case X = g*, the dual of a Lie algebra g, is flat. Its 0— th cohomology then accepts an as- 
sociative product on it, called the Cattaneo-Felder product *cF,e '■ C°° (W)[[e]]xC°° (W)[[e]] — > 

C°°(W)[[e}\. It is given by the formula / * CF , € g := f ■ g + ZZi e ™ (h ^reQ^' ^ (/, 5 )J 

(2) 

where 2 is a family of graphs with two colors, a notion to be explained in § 2.1, and ujy, 
is a coefficient and bidifferential operator computed similarly to the case C = but with some 
substantial modifications. Here we considered X = R k ,C = R r , r < k coisotropic subman- 
ifold. 

In |15) the general theory was studied in the case X = g* and C = m 1 - for m C g a Lie subalge- 
bra. The affine case was also studied, namely C = x+m -1- , where x ' ls a character of m. The basic 
objects of study was the e— deformed and the (non-e— ) deformed reduction algebras associated 
to the data g,m, q,x 5 where q is a supplementary of m in g. In [5] the e— deformed reduction 

algebra, denoted as H^(xn x , df^ x ), was proved to be isomorphic to (^U^(g)/U^(g)m x +p) m , 

where p E m* defined by p{H) = — u>r'Tr(ad.£f), H £ m, V being a short loop appearing in this 
situation following |14j . 

1.2 The systematic study of W— algebras began with the paper of Premet |22| . The main moti- 
vation behind their use is to study the representations of the universal enveloping algebra U (g) 
of a semisimple Lie algebra g. Using the 1-1 correspondence of them with the primitive ideals of 
[7(g), the main line of approach is to study the finite dimensional irreducible representations of 
the W— algebra and then pass the results on U(q) via Skryabin equivalence (Appendix in |22]). 
Thus, the central problem of the theory is to classify the finite dimensional irreducible repre- 
sentations of the W— algebra. We first review the approach of Premet (see |22].|24j.[23j.[25j). 
Let G be a connected reductive Lie group and g its Lie algebra. Choose a nilpotent element 
e € g and pick h, f S g forming an 5(2- triple with e. There exists a g— invariant bilinear form 
(•, •) such that (e, /) = 1, e.g a normalization of the Killing form. Let x € g* be defined for all 
x 6 g by x( x ) = ( e i x )- Set q(z) := {£ € g|[7i, £] = Consider a skew-symmetric form uj x on 
g defined by u x (£,r]) = x([^: r l})- The restriction ^xlg(-i) ^ s non -degenerate so one can pick a 
lagrangian subspace [ C g(— 1). Set m := [(J) X^i<-2fl(0 ( so X is a character of m). Define now 
m x := {£ — x(£), £ € m} a shift of m and let q be such that g = m © q. From the PBW theorem 
one gets U(q) ~ L r (g)/C/(g)m x . On the quotient U(q) one can define a natural adm— action 
and then define the (finite) W- algebra C/(g,e) corresponding the data (g,e) as the quantum 
Hamiltonian reduction (C/(g)/C/(g)m x ) m . The associated graded algebra grC/(g,e) is naturally 
isomorphic to the graded (with the Kazhdan grading, to be defined later) algebra of functions 
on the Slodowy slice S := e + kefad(/), (see |22] and |17| § 1.2). Geometrically, it is a transverse 
slice to the adjoint orbit O .= G ■ e. 

The quotient U(q)/U (g)m x has a natural U (g) — C/(g, e)— bimodule structure. Let 1— > S(N) := 
(U(g)/U (g)m x ) ®(7( ,e) N be the functor from the category U(g, e) — Mod of left U(g, e)— mod- 
ules to the category U(q) — Mod of U (g)— modules. The map P : N 1— > Annu^S(N) defines an 
equivalence of U(q, e) — Mod to the category of Wm'ttaker modules of U (g). In |23| . the author 
proved that the image of P consists of ideals J whose associated variety in g coincides with O 
and then in |24j Theorem 1.1, he proved, under a small condition on the infinitesimal character 
of J, that any such primitive ideal is of the form Annu^S(N), where A is a finite dimensional 
representation of the W— algebra. This was later proved in full generality in |20j . 

1.3 The approach followed by Losev in |20].)21] is close to deformation quantization and begins 
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with a more geometric definition of the W— algebra W as the, specialized at h = 1, G— invari- 
ants of the h— deformed algebra Kpf][/t], where X = G x S. This algebra is equipped with a 
*— product using the Fedosov construction (see |16|). In |20|.|21|. Losev describes two category 
equivalences between suitable categories of W- modules and of U(q)- modules. Particularly in 
|21j . the author classified the finite dimensional irreducible representations of W— algebras up to 
a Q/Q°- action on the set of two sided ideals of finite codimension in W, where Q := Zc(e, h, /). 
To do this he studied the category HCq(U(q)) of Harish-Chandra bimodules of U(q) whose corre- 
sponding primitive ideal's associated variety is the Zariski closure O and the category HCg n (W) 
of finite dimensional Q— equivariant bimodules of W. The proof was based on constructing 
certain functors »t : HC^ n (W) — > H%(i7(g)) and « f : H%(C/(g)) — > HC^(>V) respecting 
many primitive ideal properties on each side (see Theorem 1.3.1 and section 3.4 of |20j). Finally, 
the classification of finite dimensional irreducible W— modules in the case g = g[ n was achieved 
in [7J, [H] using a combinatorial approach based on shifted Yangians. 

1.4 Our main result (Theorem 13. ip proves that when g is semisimple, there is an isomorphism 
between the (non-e— ) deformed reduction algebra H°(m^, d m ± q ) associated to (g, e) and the 

W— algebra ([/(g)/L r (g)m x ) m . With respect to the isomorphism of [5], the character p € m* is 
missing, since m is a nilpotent subalgebra and p(H) := —u^/Tr(adH) = 0, \/H £ m by Engel's 
Theorem. In the case when O is principal, Theorem 13.11 recovers the Duflo algebra isomorphism 
(5(g) G , *) — > Z(q) between the G— invariants of 5(g) and the center of U(q), as in |18j pp. 43- 
44. Note that the (non- e— ) deformed reduction algebra H°(m^, d m x q ) is a different from the 

e— deformed one H^(m^, dj^ x q )- in fact) it is known that for every Lie algebra g, subalge- 
bra m C g and character x, H ( e =i)( m x > d m\q) ^ ^°( m x' d m^,q) ^ ( u (8)/ u (s) m x+p) m ( see 
Lemma 3.1 and Proposition 3.4 of |2j). The absence of the deformation parameter e in this first 
result is not straightforward. We use suitable definitions of the Kazhdan grading, a standard 
feature of the 5I2— theory of semisimple Lie algebras, for the bidifferential operators appearing 
in deformation quantization. The proof is close to the one for the e— deformed objects found in 
[5]. The new feature is that we write homogeneous reduction equations, both in the definition of 
if (m^ , d m ± q ) as well as in the proof of Theorem 13.11 In view of Premet's definition presented 
in section 1.2, this provides us with a new model of the W— algebra. This way, we transfer the 
study of W— algebras to the study of H°(m^, d m ± q ). Since we have an explicit formula of the 
*— product, one is able to compute the relations of the *— commutator [P, Q]* := P*Q — Q*P. 

2 Kazhdan grading in Deformation Quantization. 

2.1. Deformation Quantization background. 

2.1.1. Some notation. Let K be a field with charK. = and G a connected and simply 
connected Lie group with Lie algebra g of finite dimension. Let m C g be a subalgebra with Lie 
group M, x a character of m, S(q) the symmetric and U(q) the universal enveloping algebra of g, 
respectively. Set m x to be the vector subspace of 5(g) generated by the set {m + x( m )i m € in} 
and denote as 5(g)m x , C/(g)m x the ideal of <S(g) and right ideal of U(q), respectively, generated 
by m x . One has S(q) ~ K[g*], the algebra of polynomials on the dual Lie algebra g*. This algebra 
is equipped with a natural Poisson structure defined for x%, X2 £ g by {x\, X2} := [x\, ^2]. In turn 
this induces a Poisson structure on (S'(g)/S'(g)m x ) m , the invariants with respect to the adjoint 
action adx, x <E m, on g, extended to 5(g). Let := {/ G g*//(m) = 0} and K[x + m^]" 1 be 
the Poisson algebra of m-invariant polynomial functions on x + m± - Then (5(g)/5(g)m x ) m ~ 
K[x + vrt -1 "]' 11 as algebras. Consider g* as a Poisson manifold. Then C°°(g*) = 5(g) is a Poisson 
algebra with the bracket defined previously and one can directly apply Kontsevich's results. 
Considering := {/ € Q* / f\ m = ~x} as a coisotropic submanifold of g* one can apply 
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respectively the biquantization techniques of |15| to write the corresponding *cf~ product. We 
briefly recall some of the necessary definitions adjusted in our setting. 

2.1.2. Kontsevich's construction. Denote by Q n ,2, n G N* the set of all admissible graphs 
r, meaning graphs with the following properties: The set V(r) of vertices of T is the disjoint 
union of two ordered sets Vi(r) and V^T), isomorphic to {l,...,n} and {1,2} respectively. 
Their elements are called type I vertices, for Vi(r), and type II vertices, for V^T). The set 
E(T) of edges in the graph is finite. Each edge starts from a type I vertex and ends to a vertex 
of type I or type II allowing no loops or double edges. All elements of E(T) are oriented and the 
set of edges S(r) starting from r G Vi(T) is ordered. This induces an order on E(T), the one 
compatible with the order on Vi(T), and S(r), r G Vi(r). 

To the data of a Lie algebra (fl, [•,•]) and a graph T G Q n ,2 one associates a bidifferential 
operator By as follows: Suppose g is k— dimensional and {x±, . . . , x^} is a basis of fl. Let 
L : E(T) — > {x±, . . . , Xk} be a labeling function. Fix a vertex r G {1, . . . , n}. If card(5(r)) ^ 2, 
set Br = 0. If card(5(r)) = 2, let S(r) = {e^, e^} be the ordered set of edges leaving r. Associate 
the bracket [L(eJ), L(eji)] to r. To each vertex 1,2 G ^(T) associate respectively a function 
F,G G S(g), and to the p th — edge of S(r), associate the partial derivative w.r.t the coordinate 
variable L(e^). This derivative acts on the function or bracket associated to v G Vi(T) U V^T) 
where the edge arrives. Since E(T) C Vi(T) x (Vi(T) U V^T)), let (p, m) G E(T) represent 
an oriented edge of T from p to m. The operator associated to a T G Q n ,2 an d (fl, [•,•]) is 



B r (F,G)= 

L:E(T)->{l,...,k} 



II ( d m ] [L(e l r ),L(e 2 r )] 

SeE(T), 5={-,r) 



(3) 



II d m \{f) x J] 9 m (G). 

K SeE(T),6=(;i) J \SeE(T),S=(;2) J 

We drop the definition of the coefficient wr in © since it is not central for the paper and can 
be found in the given references, e.g [18|.|15|. In deformation quantization of a (linear) Poisson 
manifold, one trivially has a single choice of variables for every edge in a graph T G Q n ,2 
since for e G E(T), L(e) determines a basis variable of g. In the case of biquantization with 
X = g* and C = respectively we consider two colors; each edge of a colored graph T 
carries a color, either (+) or ( — ). Double edges are not allowed, meaning edges with the same 
color, source and target. Suppose q is a supplementary of m, i.e g = m q, {mi, . . . ,mt} 
is a basis of m and {qi, . . . ,q r } a basis of q. We identify spaces q* ~ g*/tn* ~ m^. For 
e G E(T), let c e G {+, — } be its color. Let L : E(T) — > {mi, ■ ■ ■ ,mt,qi, ■ ■ ■ ,q r }, satisfying 
L(e) G {m±, . . . ,m t } if c e = — and L(e) G {q\, . . . , q r } if c e = + be a 2-colored labeling 
function. This way, the dual basis variables {m\, . . . , m£} of m* are associated to the color (— ) 
and dual basis variables {<?*, • • • , </*} of q* are associated to (+). Graphically, the color ( — ) 
will be represented with a dotted edge and the color (+) will be represented with a straight 
edge. The corresponding formulas ((3]) and ([2]) need some modifications in biquantization (in 
the Lie algebra case); for F, G G S(q), one has to use the 2-colored labeling function L that we 
just described. From now on, all graphs, their associated operators By and coefficients uj-p are 

colored. We denote by 2 the family of admissible graphs with i colors. 
2.1.3. Reduction algebras. We now need to describe some particular graphs (see |15] § 1.3, 
1.6 and [2] § 2.3). They are colored graphs with only one type II vertex and with an edge colored 
by (— ) with no end. Denote this edge as 6oo- As usually in the litterature, the point moving on 
the horizontal axis of a biquantization diagramm is associated with a function F G S(q). Set 
Q£°i to be the family of such graphs with n type I vertices, namely graphs of the categories 1 
and 3 in the following definition. 
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Definition 2.1 1. Bernoulli. The Bernoulli type graphs with i type I vertices, i G N, i > 2, 
will be denoted by B{. They have 2i edges, i of them pointing to the type II vertex, and 
leave an edge towards oo. These conditions imply the existence of a vertex s G Vi(r) that 
receives no edge, called the root. 

2. Wheels. The wheel type graphs with i type I vertices, i G N, i > 2, will be denoted by Wj. 
They derive the function F i times, have 2i edges and leave no edge to oo . 

3. Bernoulli attached to a wheel. Graphs of this type with i type I vertices, i G N, i > 4, 
will be denoted by BWi- They have i — 1 edges towards the type II vertex and leave an 
edge to oo. For an W m — type graph W m attached to a B[— type graph B[, we will write 
BiW m G BiWm- Obviously BiW m C BWi +m - 




Figure 1: 

From left to right, a ,63-type graph, a fvjWx-type graph, and a VWtype graph. 



Let {ej,ef} be the ordered set of edges leaving the vertex / G Vi(r) of a colored graph T G Q^°i- 
For such a T and using the notation m* := <9j, let Br : S(q) — > S(q) <g>m*, F h-> B-p(F) = 
Yti=iBi{F)-m* where 



Bi{F) 



E 



L:E(r)-t[m lt ...,qr] 
L colored 

L(e ao )=m i 



II II d L{e) )[L(el),L(e 2 r )] 



r=l \e€E(r), e=(-,r) 



\ 



n * 



L(e) 



F 



. e£E(T) 



(4) 



Definition 2.2 ]15§ Let m C 53 be a subalgebra, \ a character of m and q such that q = m © q. 



a)Letd^ ±q : S(q)[e] 
m^,q 



5(q)[e] ® m* be the differential operator d 



(e) 
m^, q 



m(») 



where 



Z^reBiUBWi ^r-Br- r/ie e— deformed reduction algebra over x + tn , denoted as 



fl^j(tl^,d^{ n ), is the vector space of solutions F^ G S*(q)[e] of the equation 



l (e) 



(5) 



equipped with the *CF,e~ 
b) Let d m x q : 5(q) - 



-> S'(q) <8> tn* be the differential operator d 



y^_i d^, where 
t—'i—V m^,q 



m-,q 



d 



(0 



^ rgB . uBVV . wr-Br- (non-e—) reduction algebra over \ + tn , if (m:7,d. 



the vector space of solutions F G S(q) of the equation 

d m x (F) = 0, 



(6) 
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equipped with the *cf~ product, meaning the product constructed without a deformation param- 
eter e. 

In the sequence, H°(m^,d m ± q ) will be just referred to as the reduction algebra. For a homo- 
geneous polynomial G £ S(q) of degree p with respect to the ordinary polynomial degree, we 
will write deg q (G) = p. Similarly we consider the e— degree deg e for elements of S'(q)[e] and 
differential operators ei?r on 5(q)[e]. For F € £(q)[e], set deg q e (F) := deg q (F) + deg e (F). We 



consider the corresponding notions of degree also for differential operators df* £ ]_ on S'(q)[e], e.g 

m x ,q 

i(0 



deg e (eMj n ; L ) = i. Let now F^ = F + eF\ H h e n F n , Fj 6 S(q). Using the deg e of the terms 

■ (i) X 

e l d ± , e J Fj to write down e— homogeneous equations of deg e = 1,2, . . ., the defining equation 
© gives a system of linear partial differential equations, namely 

p 

VpeN*, E d m!U (jFp - i) = W 

1=1 x ' 

or equivalents d« q (F ) = 0, d« ^) + d^ q (F ) = 0, d« q (F 2 ) + d^j q (F l} + d^j q (F ) = 
etc. By |15] . only the colored graphs T € Q^+i i, Vn € N, have non-zero contribution to the 
differential d^l . Thus ([7]) becomes 



VpeNo, E d l 2 ^ ( i? 2( P - J )) = (8) 

or equivalent^ d« q (F ) = 0, d« q (F 2 ) + d^ q (F ) = 0, d« q (F 4 ) + d^(F 2 ) + d£i q (F ) = 

etc. Thus every element of H^lm^d^ ) is written as F^ = Y17=o F 2 i£ 21 , ^ € N. Turning 

the system ([5]) into a homogeneous system is only possible using deg e and thus works only for 

^(e) ( m x ' q) and no * ^ or ^°( m x ' °-m x ,q)- m fact, the system ([B]) is much more complicated. 

Let Q e be the Lie algebra over K[e] with Lie bracket for X, Y € Q defined as [X, Y] t := e[X,Y]. 
Set t/( e )(g) to be the universal enveloping algebra U(Q e ) over the ring K[e] and consider the 
corresponding ideal C/( e )(g)m x with the previous notation. In [5] it was proved that there is a 
non-canonical isomorphism of associative algebras, 

A(e) od h °T~ l T 2 : tf ( ° e) K,d^ )^(U {e) ( Q )/U {e) (Q) mx ) m , (9) 

9(e) X ' 

where the operators T±,T 2 are entirely described by wheel type Kontsevich graphs, (3^( e ) : 

(sinh 
— SdT 2 

Y € Q. The proof was based entirely on deformation quantization techniques and the idea of 
translating into equations, the concentrations of configuration spaces needed to solve a Stokes 
equation. The idea behind the Stokes argument comes from Kontsevich's formality theorem and 
associativity for his *— product in |18j . 



2.2. Necessary Lemmata 

2.2.1. Kazhdan degree. Our goal is to describe the W— algebra via the reduction algebra 
construction. As explained in [2] it is not straightforward to eliminate the deformation parameter 
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e from the isomorphism ([9]), meaning that ([9]) does not imply H°(m^, d m x„) ~ (U(q)/U (g)m x ) m . 

To prove an isomorphism analogous to (jUJ) but without the e— parameter, we need to recall 
the Kazhdan grading of 5(g). This grading is extensively used by Premet and Losev and is 
defined as follows; let 5(g) = © n 5 n (g) be the standard polynomial grading on 5(g). The 
adh— action extends uniquely to a derivation on 5(g) which we denote with the same symbol. 
Define 5 n (g)(i) := {x G S n (g) / 'adh(x) = ix},i G Z. The Kazhdan grading on 5(g) is 5(g) = 
©nez ^(fl)! 71 -] where 5(g) [n] := ©j + 2j= n S J (fl)W- Similarly, a Kazhdan filtration can be defined 
on U(g) letting U (g) C U\(g) C • • • C U n (g) C • • • be the PBW filtration of U(g) and setting 
U n (g)(i) := {x G U n (g)/adh(x) = ix}. Then the Kazhdan filtration on U(g) is a Z— indexed 
filtration with F p U(g) := (x G Uj(g)(i)/ i + 2j = p) meaning the subspace spanned by all such 
x. The Kazhdan degree of a homogeneous element P G 5(g) is denoted by deg^(P). In what 
follows we study the Kazhdan degree aspect of the reduction algebra H°(m^,d m ± q ) and prove 

that iJ°(m x , d m ± q ) ~ (U(g)/U(g)m x ) m providing an alternative model of the W— algebra. 

2.2.2. Kazhdan degree for graphs. From now on, g will be a semisimple Lie algebra 
unless otherwise stated. Recall that [ C g( — 1) is a lagrangian subspace with respect to the 
restriction w x | g (_n, m := I© z"^i<-2 fl(*)> an( ^ q is a vector subspace such that g = m © q. 
We consider the same notation with [22j, §3. Let i x = kerade. For x G g, denote as wt(x) 
the weight of x in the adh— decomposition of g, i.e [h,x] = wt(x)x. Let 
basis of 3 X and xi, . . . , x r , x r+ \, . . . , x m a basis of p e := 2^i>oflW- Denote by y r+1 ,...,y m 
the corresponding basis of the parabolic subalgebra b = X^j<-2 0(^) sucn that ([yi,Sj], e) = 
(5jj, Vr+1 < i, j < m. Complete Xi,r/i to a basis of g by fixing a Witt basis z±, . . . , z s , z a +i, ■ ■ ■ , ^2s 
of g(-l) that is, = [z i+s ,z j+s ] = 0, = <%/, i,j = 1, and such that 

zi, . . . , z s € I, z 1+s , . . . , z 2s € q. For (a, b) € Z™ x Z^ let x a z b = xj 1 • • • x a ™z% s ■ ■ ■ z b 2 ° s . We 
also denote as l x . the m— tuple (0, . . . , 0, 1, 0, . . . , 0) with the unity in the i— th position. When 
we write l Zi+s we refer to an s— tuple with unity in the i— th position. With the above notation 
deg K (x a z h ) = wt(x a z h ) + 2deg q (x a z b ) = YZi ai{wt{ Xi ) + 2) + £-=l ftj. 

The following Lemma computes the Kazhdan degrees of the operators in the differential d m x j(1 . 

Lemma 2.3 Let V G B t U 6W< and F G 5(q). T/ien 

deg^(5 r (F)) = deg K {F) + ^t(L( eoo )) - 2{t - 1) (10) 

Proof. It suffices to show this for F = x a z h . We first prove it for the simplest graph in BtUBWt, 
the graph of Figure 2, to explain then the general calculation. Suppose £(ef) = L(e OQ ) = 
A G {y r+1 ,...,y m ,z 1 ,...,z s }, L(e\) = B G {xi, . . . , x m , zi+ s , . . . , z 2s }- According to (gj), the 



■ 




Figure 2: The only graph in the term d^' ± q . 
graph of Figure 2 for this labeling corresponds to the operator E>t(F) = ^2 ab [B,A]8b(F). 
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Then deg K ([B,A]) = wt(A) + wt(B) + 2 and deg K (d B (F)) = deg K (F) - wt{B) - 2. So 
deg K (B r (F)) = deg K ([B,A}) + deg K (d B (F)) = deg K (F) + wt(A) which confirms JTD]) as here 
we are in the case t = 1. 

Suppose now that T G Bt- Label as 1 the root of the graph, as 2 the type I vertex receiving the 
edge starting from 1 and not deriving F and etc. Thus t is the origin of eoo. Let el, k = 1, . . . , t 
be the edges deriving F and e\ the edges between the type I vertices, e.g = e 2 . Fix a labeling 
L for T. Computing directly with the formula (£[]), the Kazhdan degree of the polynomial Br(F) 
is 

deg K (B r (F)) = wt([L(e\), • • • , \L{e\_ 2 ), [L^U), \L{e\), L(e 2 )]}] • • • ]) 

+2deg(x a ~^' fc=1 ' i(e fe )6{a:i '-'-' a:m} li(e fc) z b ~^* fe = 1 >- L ( e fe) s -t z »+i'-'- z 2 S } + 2 

t t 
= wt{L{e\)) + wt{L{e 2 t )) + wt{x a z b ) - ^ wt{L{e\)) + 2 deg(x a z b ) - 2t + 2 = 

k=l k=l 

= deg K (x a z h ) + wt(L(e 2 )) - 2(t - 1) 

The case T G BWt works similarly: Let p type I vertices be in the wheel and t — p type I 
vertices be in the Bernoulli part of T. Label as 1 the vertex of the wheel receiving the edge 
leaving the vertex where the Bernoulli part is attached. Label the rest of the vertices following 
the orientation of the edges in the wheel and then in the Bernoulli part. Order the edges 
deriving F by ej and the edges among the type I vertices by ef. The operator Br is in this 
case a constant coefficient operator so the symbol's Kazhdan degree is zero. One then computes 
the following weights for the brackets corresponding to the type I vertices {l,...,p}: vertex 
#1 : wt{L(e 2 p )) = wt(L{e\)) + wt(L{e\)), vertex #2 : wt(L{e\)) = wt(L(e\)) + wi(L(e§)), 
and inductively, at vertex j^p : wt(L(e 2 _i)) = wt(L(ep)) + wt(L(e 2 )). Summing by parts 
the previous equations (and computing the weights at the vertices in the Bernoulli part of the 
graph), one has Yli=i w t(F(ej )) = —wt(L{e 2 )). So 

deg K {B v {F)) = wt(x a " E ' =1 ' L( 4 )6{ll '-' Im} 1 £(4) z b ~ E Li,L (e i) 6 { Zs+1 z 2s} 1 £( e i)) 

+ 2deg q (x l ^^l,k^p,L( e l)e{ :I : 1 ,...,x m } z ^k= 1 , k^p,L^l ) £ {*l+s , ■ ■ ■ ,'2s } L ( e fc>) 

t 

= wt(x a z h ) - Y wt{L{e\)) + 2 deg q (x a z h ) - 2(t - 1) 
fe=i 

= deg K (x a z h ) + wt(L(e 2 )) - 2(t - 1) 

to find (jlOp again, o 

Following the previous arguments, we compute the Kazhdan degree of By(F), F G S(c\) where 
T G Wj. This result will also appear as a corollary of Lemma [2. 8 [ when we compute the Kazhdan 
degree for bidifferential operators in the *— product. We give here a direct and alternative proof. 

Lemma 2.4 Fix a T G W« and let F G S(q). Then 

deg K (B r (F)) = deg K (F) - 2i (11) 
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Proof. As in Lemma 12.31 it suffices to prove the claim for F = x a z h . Choose a vertex of type 
I and label it by 1. Then order the rest type I vertices following the orientation of the edges 
in the wheel. Put also an order in the edges leaving a vertex of type I as in Lemma 12.31 The 
corresponding operator is a constant coefficient operator so the symbol's Kazhdan degree is 0. 
Starting from the type I vertex labeled by 1, 

deg K {B r {x a z b )) = urt(x a ~ (i: * =1 " t ^56{«i.-,«m} 1 He\)\ b - ( K=iM4)^i+s^2 a } 

i 

= deg K (x a z h )-Y,wt(L(ei))-2i 
k=l 

Checking each vertex of type I in terms of the Kazhdan degree one writes wt(L(ef,)) = wt(L(e\ +1 )) J r 
wt(L{e 2 k+l )) for k = 1,. . . ,i - 1 and wt(L(e?)) = wt(L{e\)) + wt{L(e\)). Note that if one 
of these equations does not hold, then By = by construction. This linear system implies 

ELi^(4)) = o. o 

2.2.3. Reduction equations. We turn now to the defining equation ([6]) of H°(m^, d m ± q ). 
Using Kazhdan degree arguments, we will write this equation into a system of homogeneous 
equations with respect to deg^- and thus write ([8]) also for H°(m^, d m ± q ) . 

Definition 2.5 With the basis chosen in § 2.2.2, let a = (a' m , . . . , a' r+l , a2 S , ■ ■ ■ , a\,a'{, . . . , a^J 

be a multiindex, P a = yfy 1 ■ ■ ■ y^+i z 2s 3 ■ ■ ■ z^x^ 1 ■ ■ ■ x°^ denote a monomial in S(q) and dp = 

dy™ denote the corresponding differential operator of P a on S(g). Let B = P a dq be a 

differential operator on S(g). Then B has Kazhdan degree deg K (B) := deg K (P a ) — deg K (Q^). 
We extend this definition to operators on S(q) x S(q). 

Lemma 2.6 If q is semisimple, the defining system is equivalent to 

Proof. Let F = ^f =0 -^i € S(c\), with Fi homogeneous of deg^(Fo) = no, and deg^(Fj) = n^ — i. 
Then ([6]) is 

p oo p 

i=0 k=l i=0 

Fix a label L{e 00 ) for eoo. By Lemma [2 .31 and Definition 12 . 51 one can group together the operators 
in the differential d m ± q in terms of the number of type I vertices in the respective graphs, and 

thus (|12p translates to the following system of equations: The only operator of Kazhdan degree 
wt(L(e O0 )) is given by the graph T\ of Figure [2] since T\ £ B\. Thus the homogeneous component 
in (fT2j) of Kazhdan degree equal to no + wt(L(e 00 )) (the highest possible) is d^ q (^b) = 0, 
recovering the first equation of the system ((8]). The homogeneous component in (|12p of the 
second highest Kazhdan degree, no + wt(L(e 00 )) — 1, is d 1 x (F\) = 0. For Kazhdan degree n$ + 

wt(L(e 00 )) — 2, one has d 1 x (F2) + d 2 x (Fq) = 0, which, since all weights lj? for T 6 B2i ] JBW2i 
are zero (|15|). gives d^ ± q (-^2) = 0. With the same argument, the equation of Kazhdan degree 
no+wt(L(e oc )) — 3 is d 1 x (F3) = 0. Checking the homogeneous terms of degree no+wt(L(e 00 )) — 
4 with the same argument we get d 1 x (F4) +d 3 x (Fq) = 0, thus recovering the second equation 
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of d8]). Similarly, for decaying Kazlidan degree, one gets d 1 ± (F^)+d 3 ± (Fx) = 0, d 1 ± (Fq) + 

■ ^^X ' ^ ^^X " ^ 

d^x q(-^2) = and d^x q(-^V) ""'"d^x q( 3 ) = ^' Inductively, we regroup the terms of F according 
to the previous equations writing F = Y^=o > where i^j = j=o -^Wj • 

Corollary 2.7 When F$ is not homogeneous, and Fq = Ylk=i ^b,fc deg^(i ? o,fc) = r k> r i > 
. . . > r q , then write Fn = Ylk=i ^2ik with deg^-(i ? 2i,fc) = r k — 4i. Furthermore, it is easy to see 
that the number p' G N m t/ie proof of Lemma \2. 61 is controlled by the Kazdhan degree r q by the 
inequality p' < Tq 4 1 . 

2.2.4 Kazhdan degree for the *— product. The following Lemma computes the Kazhdan 
degrees of *cf in the linear case X = q* , g semisimple. Trivially it holds for *k also. 

Lemma 2.8 Let F,G G S(q). //re Q„ |2 , toen 

deg K ( J B r (i ? , G)) = deg^(F) + deg K (G) - 2n (13) 

Proof. It is ^tVi(r) = n and suppose that the cardinal of the subset E l (T) C E(T) of all edges in 
T between vertices of Type I, is s. Suppose also that T has k roots. Denote as D the polynomial 
symbol of the bidifferential operator when applied to F, G. Then VL, and denoting as b\F 
the polynomial coming from the differentiation of F by B^, one has 

deg K (B r (F,G)) = deg K (D)+deg K (d r F)+deg K (d r G) = wt(D)+2deg cl (D)+deg K (d r F)+deg K (drG) 

k #->F 

[wt(L(el)) + wt(L(e 2 p ))] + 2k + deg K (F) - ]T wt(L(4)) - 2(# -»■ F) 

p=l,p:root r=l 

+ deg K (G) - J2 wt(L(el)) - 2(# G) = 

r=X 



[io((L(4))+io((L(e^))]+2fc+deg x (F)+deg K (G)-2(2n-»)- ^ wt(£(4))" £ ""WO)- 

p=l,p:root r=l r=l 

The notation # — > F stands for the number of edges of T deriving F. The expression Ylf=l F wt(L(e l r )) 
sums the weights of those labelled edges deriving F, thus i = 1 or 2 and r runs the set of vertices 
carrying an edge towards F. The last equation means that, to prove the Lemma, it suffices to 

prove that 2k - 4n + 2s = -2n and ££=i, P :rootK( L ( e p)) + wt(L(e 2 p ))\ = Y£Z. F wt(L(e\.)) + 

Z~2r=i wt(L(e l r )). For the first claim, since there are k roots, there are 2k edges starting from 
a vertex that receives no edge. So there are 2(n-k) edges in the graph starting from a vertex of 
Vi(r) (by definition) that receives an edge starting from another vertex of V\{Y). By definition 
of s, 2(n — k) = 2s and the claim is proved. 

For the second claim, let e? p —l be the edge pointing to the vertex p G Vi(r). Then using repeat- 
edly the equality wt(L(e i 1 )) = wt(L(ep)) + wt(L(e 2 )) the claim follows by the tree construction 
of the Kontsevich's graphs in the Lie case, o 



Remark 2.9 As a corollary of the second claim at the end of the previous proof, one has that 
when T G Wj the sum of weights of the labels on the edges deriving the real axis, is 0. 
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We present below an example of the previous calculation for a graph in Q4 2- It can be used as 
an alternative inductive proof of Lemma 12.81 in the sense of )22j . 

Example. Consider the graph of Figure 3 with the following labelling: F = x d z c ,G = 
x a z h , L(e\) = Z2 S ,L{e\) = x t ,L(e\) = zi +s ,L{e\) = Zk+ S7 L(e\) = x p . The variables at the 
rest of the edges of the graphs are imposed accordingly so that the edge arriving at a type I 
vertex carries the bracket associated to that vertex. Suppose [z2 S , [%t, [zi+ s , l z k+s, x p]}}] £ f)(— 2). 
Checking the weights we get wt(x p ) + wt(xt) — 3 = —2 =>■ wt(x p ) + wt(xt) = 1. The symbol of 
the operator Br is a constant and so its Kazhdan degree is 0. Thus 




Figure 3: 

A graph of higher order in the *cf~ product. 



deg K (B r (x d z c ,x a z h )) = wt(x d ~ lx tz c lz2s lz i+° lz k+s X a ~ lx f z h )+2 deg q (x d_1 ^z c lz2s lz <+* V» j; a - li i. z b ) 

= wt(x d z c x a z h )-wt{x t )-wt{x p )-3{-l)+2deg q (x d z c x a z h )-2-5 = deg K {x a+d z h+c )-8 (14) 
If on the other hand [z s , [xt, [zi, [zk> x p]]]] ^ fl( — 2), one has 

deg K (B r (x d z c ,x a z b )) = wt{[z a ,[x t ,[z h [z k ,x p ]]]]) + wt(x d - 1: "t z^ 1 **' 1 *^ z h ) 

+2deg q (x d ^ 1 ^z c - 1 -" 1 ^" 1 ^x a - 1 ^z b ) + 2deg q ([z s , [x t , [z u [z k ,x p ]]}}) = 

= wt(x p ) + wt(x t ) - 3 + wt(x d z c x a z h ) - wt(xt) - wt(x p ) + 3 + 2 deg(x d z c x a z b ) - 2 • 5 + 2 = 

= deg K (F) + deg K (G) - 2 ■ 4 

3 A new W— algebra model. 

The main Theorem. The following theorem provides a new model of the W— algebra associ- 
ated to the data (g, e). 

Theorem 3.1 LetQ be a semisimple Lie algebra, and {e,h, /} ans^— triple. Let then Xi m xi z ki x y 
be as previously defined. Then there is an associative algebra isomorphism 

V9,> °T^T 2 : ff°(mi,d m _L )q ) ^ (U( Q )/U( 9 )m x ) m . (15) 

Proof. The direction H°(m^, d m ± q ) <h> (C/(0)/J7(g)m x ) m works as in the proof of ([9]) in [5]. 

Recall by § 1.4, that there are short loops in the construction, however their contribution is the 
character B^i(H) = p(H) = — cJr'Tr(adff) = since H € m and m is nilpotent. The reverse 
direction uses instead of deg e , the Kazhdan degree of the appearing operators. We omit de- 
tails that can be found in [2], [5]. Recall that H°(g*,d g *) = U(g) and let F°(m^,d fl . )Tn x )(J ) be 
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the reduction space at the origin of the Cattaneo-Felder biquantization diagram for g*,m^. 
Let *! : H°(g*,d g *) x fl°(m£, d fl * )m x q ) — > ^°(m^, d^x,,) and * 2 : ff°(m£, d g%m x q ) x 
H°(m^,d m ±^) — > H° (m^ , d g , m ± q ) denote the ff°(ri*, d g ») - H°(m^, d m x q )- bimodule struc- 
ture of Cattaneo-Felder on H°(m^, d g , m ± q ). Let Ti : i7 (g*,d g *) — ► if°(m^, d rm ± q ), F 
F *x 1 and T 2 : H°(m£, d m x q ) — ► fl°(tn£, d B * >m x q ), G -> 1 * 2 G. Let G G (C/( )/^(0)m x ) m 
be on the vertical axis of the biquantization diagram of g* and m^, and let T^T^G) = F 
be at the horizontal axis of the diagram, where T\ denotes the restriction T\\g^ (see Lemma 
3.4 of [2])- Then if to + x( m )> to £ m is on the vertical axis, one has (m + x( m )) *DK 
G — G *dk (m + x( m )) ^ S(g) *dk t% implies that (to + x( m )) *i (1 *2 i* 1 ) = 0. Since 
(m + x( m )) *i 1 = (Lemma 3.3 in [2]), it is ((m + x( m )) *i 1) *2 ^ = an d so one gets 
a Stokes equation Jo dur(s)B-p(F) = letting F (as a point s) move on the horizontal 
axis. Indeed, the limits lim s _ > . 00 ujr(s)B-p(F) and lim s _»o Y2r aj r( s )-Br(^ ? ) of the quantity 
(to + x( m )) *i 1 *2 -P 1 = correspond to (to + x( m )) *i (1 *2 ^) = (( m + x( m )) *i 1) *2 ^ = 
respectively. The possible concentrations are as they were listed in the proof found in [5|. We 
recall them here in terms of possible interior and exterior graphs and then compute the total 
Kazhdan degree in each case. Since the function to + x{ m ) ls °f degree 1, it receives exactly one 
edge. 

Interior graphs. Suppose there are k type I vertices and one type II vertex concentrated 
on the horizontal axis. For dimensional reasons (regarding the form Op integrated over the 

concentration manifold Ct^ of dimension Ik — 1) a possible graph in this concentration is either 

of or BWk~ type. Denote as a the edge leaving the concentration. An interior graph is 
denoted by Ff nt . 

Exterior graphs. Here one might have a B-type graph receiving at its root the edge a. Its 
own edge derives the function m + x( m )- 111 this case there can be also an infinite number 
of superposed W— type graphs deriving the concentration. The second possibility is to have 
a finite number of W— graphs deriving the concentration. In this case a derives the function 

TO + X( m )- 




Figure 4: The graph corresponding to B° a (Br? ). 

The first accepted kind of concentration is the one in Figure 4. It is the case, where there is no 

exterior graph while the interior graph is the one of dr]_ , let e\ be the edge deriving F and 

m x ,q 

e\ = a be the edge deriving m + x( m )- Let L be a labelling of the edges in Figure 4 and suppose 
F = x a z h . Then 



REFERENCES 



13 



deg K {B^JB^ ? J(F)) =wt([L( y e\),L(ei)})+wt(x a 1 H*be{*i,-.-m} z b ^CeD^i+s,-,^}) (i 6 ) 

+2deg q (x a " lL(e i )e{3; i"- a:m} z b ~ lL(e i )e{zi +-"" Z2 » } ) + 2deg q ([L(eJ),L(e?)]) 
= wt(L(e\)) + urt(L(e?)) + wt(x a z b ) - wt{L(e\)) + 2 deg q (x a z b ) - 2 • 1 - 2 = 

deg K (x a z h ) + wt(L(el)) 
where with our conventions, wt{L(e\)) = wt(L(a)). Thus deg K (B^ a (Bh a )) = wt(L(a)). In 

general, if € Bt U SWi and we have k exterior graphs T^", . . . , T e ^ with T*'^ € W ri then 
by Lemmata 12.41 12,31 the total Kazhdan degree is 

k 

deg K (B Text (B Tmt (x a z h ))) = deg K (x a z h )+wt(L(a)) - 2(t - 1) - 2^>. (17) 

i=i 

A case that requires a comment is to have one G k exterior wheel type graphs G 
and Tf nt G St U BWt. Then a derives the root of T" xt G B m . Then wt{L{a)) = wt(V) where V 
is the symbol of the operator -Br^. t ■ The total Kazhdan degree in the diagram is 

k 

deg K (B rext (B rmt (x a z h ))) = deg K (x a z h ) + wt(L(a)) - 2(t + m - 1) - (18) 

i=l 

as a straightforward computation shows. The Stokes equation is thus equivalent to 

e( e fe(^(F))))=o^j:( £ f e (^(^(^)))))=o 

(19) 

for / = 1, . . .n,k = 0, . . . oo, m = 0, . . . oo. Then [19] is written as a system of homogeneous 
equations with respect to the total Kazhdan degree, in the same way the proof of ([S]) uses the 
total degree in the deformation parameter e. These equations imply 

E B ^JBrfjF)) = # EE B hJ B kJ F 0) = * Edj^CF) = o d m x, q (F) = o 

Q a l t i t j i 
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